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NATIONALADVISORY COMMITTEEFOR AERONAUTICS

TECHNICALNOTE NO. 5’75

ESTIMATION03’MOMENTS OF INERTIAOF AIRPLANES

FROM DESIGN DATA

By H. W. Kirschbaum

SUMMARY

A method of determiningthe moments of inertia of an
airplanefrom design data pertainingto the weights and”
locationsof the componentparts is described. The‘cornpu.
tationsrequiredto ascertain the center-of-gravityp“osi-
tion are incorporatedwith the calculationsof moments of
inertia. A completeset of data and calculationsfor a
modern airplane is given to lll_ustratethe procedure. From
a comparisonbetween calculatedvalues-and-measu-red--va=s-
It is believed that the moments of inertia can be estimat-
ed within 10 percent by the use of this method.

INTRODUCTION

A study of the forces anficouples involvedin the
rotationalmotion of an airplane involvesa knowledgeof
the moments of inertia. A method for determiningthe mo-
ments of inertia of airplanes experimentallyis described
in reference1. In some cases, however, the moments of
inertia of an airplanemay be needed before its construc-
tion is actually completed;furthermore,it is not always
convenientor possible to measure the moments of i-riertia
owing to lack of equipmenteven if the airplaneis avail-
able. There may be frequent cases, therefore,wherein it
will be desirableto calculatethe approximatemoments of
inertiafrom design data. It is believed that a descrip-
tion of a method for making such calculationswill prove
useful.

The method describedmakes use of the design data on
the weights and the locationsof the componentparts of
the airplane. The calculationsof moments o-finertiaare
combinedwith the calculationsnecessary to determinethe
center of gravity of the airplane. A completeset of cal-
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culationsfor an actual airplane is given to illustrate
the procedure, This example shows how the calculations
can be combinedwith those required~etermime the cen-
ter of grav,ityand also how the principalmoments of in-
ertiaand the angles between tho principalaxes and the
airplaneaxes can be determined.

METHOD

●

.,—

The first step in the calculationsis to set up three
mutuallyperpendicularreferenceplanes such ae would be
requiredfor calculationsof the cent6r-of-gravityposi-
tion (fig.1). It is known that the centerof gravity
will lie in the plane of symmetryso that the plane of
symmetryis used as the X121 referenceplane. For con-
venience,the YIZf referenceplane is placed ahead of the
farwardend of the airplane and the ~“,1y! referenceplane
below the lowestpart and parallel to the thrust l-ine.
The Xl, Yt, and 21 referenceaxes are the intersections
of these planes. For conveniencein making the calcula-
tions the units used are inchesand pounds until the final
stage is reached,when the moments of inertiaare convert-
ed to slu~-fewtsquared. -.

&–
The met-hodof making the calculationsis best illus-

tratedby carryingthrougha completeset of calculations
for an actual airplane. Such calculationsare shown in /
table I.” Columns1, 2, 3, 5,6, and 7 list items normally
requiredfor the computationof the center of grav”ity.
Column1 shows the element consideredanflcolumn 2,-,isits
weight. Column3 shows the distanceeaft of the ytzl
plane‘andcolumn 5 shows the distancesabove the Xlyl

plane. Column 4, the distanceof the elementfrom the
plane of symmetry,is not requiredfor the center-of-grav-
ity determination,since the centerof gravitymu”stlie
in this plane, but it is needed for the talc.ula.t$ons.of.
the moments of Inertia. Columns6 and 7 give tha moments
of the elementsrelative to the referenceplanes. The
summationof column2 gives the tital weight,and the summa- \
tion”of6 and 7 gives the total rnorno’ntsrelativeto the
ylzt and xiyt- referenceplanes. The distancesof.the
centerof gravity aft and above the c.eplanesare
determinedby fiiding the totalmomentsby the tot”~l
w~ight, These di-stancesare de-sig,natedas Xc,gc ,and
z respectively.

*
C.g.’ .-— .—

v

/’
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All subsequentcalculationsare requiredonly for the
determinationof moments of inertia”.Before further ref-
erence is made to the ta%lo, however, some additionalex-
planationis reauired. The moment o.finertiaof a concen-
~ratedweight ~ about the xl referenceaxis -

wXkx!2

where kx, is the radius of gyration

but 2kxt = y2+22

where y and z are the distancesto the X1Z’
reference planes, respectively.

Similarly wky? = Wx2+WZ2

and

Hence 2.wkx, = wy2 +TZ2

is
.—
..:

——
and Xlyl

Wkz:=WY2+WX2

Values for wx2, wy2, ‘2are given in columns8,and, wz
9, and 10 of table I. .

Many elementsof the airplaneare of such size that
their masses may not be assumed to be concentrate at
their centers of gravity. For such elementsit fs neces-
sary to add to the moment of inertia of the element, con-
sideredas a concentratedmass, its moment of inertia
about an axis passing through its own center of gdarity.
This latter moment of inertia-must‘6s:~s7i@>6d. In”gen-
eral, the precisionrequired in the estimationis-”fiot
very great provided“thatreasonablysmall elementsare
taken, and for many elementsthis item can actually be
neglected. A’further discussionof this’point is given
later. The estimatedmoments of inertia &lI of the
larger items about axes passing through their,own centers
of gravityare shown in cclumns11, 12, and 13. Tbeisym--——

bol AIX indicatesa moment of inertiaabout an axis
parallel to the airplane Xl referenceaxis, etc. —

The total moments of inertia of the airplane relative
to axes passing through its center of gravityare found as
follows: -- .-—

.-
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The total moments of inertia of the airplaneabout
the three reference,a~esare

.

Ixt = Ewyz .-t ZWZ2 + EAJX

IYI = ZW=2 + XWZ2+ ZAIY “

IZI = 2WX2 + Zwy2 + ZAIZ ‘

The center of gravity lies in the X121 plane but
is”displacedfrom the ylzl and Xly! planes by,dis-
tances designatedas xc ~ and 5c.g.’ respectively.,. .
The total moment of inertia of the airplaneabout the Y
axis passing throughthe center of gravitY is

‘Y= lY1 - W(x 2+ZC.lg, C,g. 2,

where W is the total weight..
By substitutionfor Iyi this equationcan be reduced

to

‘Y [
= ZY?X2- wxc,g,~ 1[+Zwza -- wzceg,~1+ZAIY

Since tihereis no term Yc,g. the.equationsfor. the other
two axes reduce to

. . \

1X [= Zwy=+ ~~~2 - Wzc,g.a1+ZAIX ,

and

I ‘zlZ = ‘WX2- Wxc.g. 1+2wy2 +–ZAIZ

These moments of inertiaare b units “ofpound-inches
squared,which are then convertedh slug-feetsquared hy
multiplyingby the appropriatefactors,namely,

.

●

..

1 1
-32.17x z“

.

m
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In order to determinethe locationsof the principal
axes, it is necessaryto find the product of inertia Wxz
for each item as shown in column 14. In these computa~
tions it is permissibleto neglect the products of inertia
of the larger.e-lementsalout the axes passing throu”gli
their own center of gravity. The summationof column 14
repre.sents”the productsof inertiawith respect to the
referenceplanes so that it is necessary to subtract
TXC.g.zc.g. to obtain the product of inertiawith respect
to the center of gravity. This quantity,like the moments
of inertia,is in units of pound-inchessqu,aredand is
convertedto slug-feetsquaredin the same manner.

If the totalproduct of inertiawith respect to the
center of gravityis 4esignatedby H, the angle m be-
tween the principalaxes and referenceaxes is given by .-

tan 27’1= *- 2 x li31tan 2?7= ~6
lZ x * - 3,061

m= 10 431

= 0.05998

—

The principalmoments of inertiaare given by .
-. ...=

Ix = Ix COS2 ?I+ IZ s3.n2T--H sin 271
prin .

lYprin = ;Y -. ——-. — .-——
1 = 1X sin2 ‘rl+ IZ cos2”11+H sin 277
‘prln —

then since

‘n= 10 43!

sin T = 0.0300

Cos l-l= ().9996

sin 2V = 0.0599 .- — — --- -.

and , since the other q~ntities are as previouslydeter-
mined, it follows that . .-

.



6 N.A.C,A. TechnicalNot~ No. 575

“I ,;=3,061.””%(0.999,6)2+ 9,096 X ,(0.0300)2-
‘prin ----

181 X 0.0’599:”=“3,0$6 “’
—. ..

‘Y = 6,65.0
prin

IZ = 3,061 X (0.0300)2~9,09,6.”X(099996)?.+
-._.prih

181 X 0.0599 ~ 9,102 ,
-.——

DISCUSSION

The accuracywith which the moments of Inertiaof the
airplaneare determinedby this method dependsprimarily
upon the accuracy with which the weight and dispositionof
the various elementsis known. Another factor of some im-
portance is the accuracywith which the moments of inertia
of elementsabout their own centersof gravityare known.
In general,the moments of inertiaof the various elemmts
about their own centersof gravityare smallrelative to
the total moments of Inertiaof the airplane so that the
accuracyof these items does not need to be very great.
Nor many cases it is permissibleto neglect these items al-
togetherbut it shouldbe appreciatedthat the error due to
neglectingsuch items is cumulative,whereas errors due to
erroneousestimatesare probablyrandom and tenlto nullify
one another.

Judgmentis requiredin determininghow much care
must be observedin subdividingthe airplaneand estl.mat-
tng the moments of inertia of elementsin order to ke~p
the errors due to incorrecteetimatesof the moments df
inertiaof elementsabout their own centersof gravityto
a minimum. One large item that cannot convenientlybe sub-
dividedinto desirablysmall parts is the engine. In the
examplethe estimatedmoment of Inertia of the engineabout
its X axis is about 2 percent of the total moment of fn-
ertia of the airplaneabout its X axis. A 50-percent
error in the estimationof the moment of inertia of the en-
gine about its X axis would thereforeresult in an error
of about 1 percent in the final result. Thus, for an ele-
ment as large as the engine,it is apparent thatreasonable
care should be taken in making the estimate,

.—
—



N,A.C,A. TechnicalNote No. 575 !7

●

✘

✎

-. t

The accuracy of this method of calculatingthe mo-
ments of inertiawas investigatedby making the calcula-
tions for an airplanefor which the moments of inertia
were also determinedby experiment. The airplane was
availablein disassembledform so that the weights of va-
rious major elementscould be accuratelydeterminedand
checkedagainst weight estimateecf small elements. It
was fcund that the calculatedvalues were lower t~n the
experimentalvalues by 6.5, 4, and 1 percent fcr the X,
Y, and Z axes, respectively.

The errcr in the experimentalmoments cf inertia is
greatestfor the X axis for which it might amount to as
much as 2.5 percent (reference1). Thus the disagreement
between calculatedand experimentalvalues in this case
could be accountedfor by a maximum errorcf 4 percent in
the calculate&values. For the more general case in which
the weights of elementsor assembliesare obtained solely
from estimates,scme additionalerror might be incurred
but it seems reasonableto expect that the error can be
kept within 10 percent without difficulty.

This method of calculatingmoments of inertia does
not take into considerationthe entrappedair. The moment
of inertia of the entrappedair, however,would increase
the calculatedvalues only by a small amount that can safe-
ly be neglected.

.-
LangleyMemorialAeronauticalLaboratory,

NaticnalAdvisory Committeefor Aeronautics,
Langley Field, Va,, July 17, 1936.
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